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Abstract
We explore some general consequences of a consistent formulation of relativistic
quantum field theory (QFT) on the Gro¨newold-Moyal-Weyl noncommutative versions
of Minkowski space with covariance under the twisted Poincare´ group of Chaichian et
al [12], Wess [44], Koch et al [31], Oeckl [34]. We argue that a proper enforcement
of the latter requires braided commutation relations between any pair of coordinates
xˆ, yˆ generating two different copies of the space, or equivalently a ⋆-tensor product
f(x)⋆g(y) (in the parlance of Aschieri et al [3]) between any two functions depending on
x, y. Then all differences (x−y)µ behave like their undeformed counterparts. Imposing
(minimally adapted) Wightman axioms one finds that the n-point functions fulfill the
same general properties as on commutative space. Actually, upon computation one
finds (at least for scalar fields) that the n-point functions remain unchanged as functions
of the coordinates’ differences both if fields are free and if they interact (we treat
interactions via time-ordered perturbation theory). The main, surprising outcome
seems a QFT physically equivalent to the undeformed counterpart (to confirm it or not
one should however first clarify the relation between n-point functions and observables,
in particular S-matrix elements).
These results are mainly based on a joint work [24] with J. Wess.
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1 Introduction
The idea of spacetime noncommutativity is rather old. It goes back to Heisenberg1.
The simplest noncommutativity one can think of is with coordinates xˆµ fulfilling the
commutation relations
[xˆµ, xˆν ] = iθµν , (1)
where θµν are the elements of a constant real antisymmetric matrix. Relations (1) have
appeared in the literature under various names2. For brevity, we shall denote these
noncommutative spaces as Moyal spaces. For present purposes µ = 0, 1, 2, 3 and indices
are raised or lowered through multiplication by the standard Minkowski metric ηµν , so
as to obtain a deformation of Minkowski space. Clearly (1) are translation invariant,
but not Lorentz-invariant (in 4 dimensions there is no isotropic antisymmetric 2-tensor
θµν). We shall denote by Â the algebra“of functions on Moyal space”, i.e. the algebra
generated by 1, xˆµ fulfilling (1). For θµν = 0 one obtains the algebra A generated by
commuting xµ.
Contributions to the construction of QFT on these spaces start in 1994-95 [17]. A
broad attention has been devoted to the program in the last decade, with a number
of different approaches. By no means are they equivalent! Roughly speaking I would
divide them into the following three groups.
Doplicher-Fredenhagen-Roberts (DFR) approach
This is field quantization in (rigorous) operator formalism on Moyal-Minkowski space,
with usual Poincare´ transformations. The pioneering works are [17], the main develop-
ments can be found in [5]. Relations (1) are motivated by the interplay3 of Quantum
Mechanics and General Relativity in what Doplicher calls the Principle of gravita-
tional stability against localization of events:
The gravitational field generated by the concentration of energy required by the
Heisenberg Uncertainty Principle to localise an event in spacetime should not be so
1Heisenberg proposed it in a letter to Peierls [29] to solve the problem of divergent integrals in relativis-
tic quantum field theory. The idea propagated via Pauli to Oppenheimer. In 1947 Snyder, a student of
Oppenheimer, published the first proposal of a quantum theory built on a noncommutative space [38].
2Sometimes they are called canonical, since by applying a Darboux transformation to the coordinates
θ can be brought to canonical form (this depends only on its rank). More often the names contain some
combination of the names of Weyl, Wigner, Gro¨newold, Moyal. This is due to the relation between canonical
commutation relations and the ⋆-product (or twisted product) of Weyl and Von Neumann, which in turn was
used by Wigner to introduce the Wigner transform; Wigner’s work led Moyal to define the socalled Moyal
bracket [f ⋆, g]=f ⋆ g−g ⋆ f ; the ⋆-product in position space [in the form of the asymptotic expansion of (10)
with xi=xj≡x] first appeared in a paper by Gro¨newold.
3The arguments elaborate the well-known heuristic ones going back (as far as I know) to Wheeler [45].
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strong to hide4 the event itself to any distant observer - distant compared to the Planck
scale [16, 17].
In the first, simplest version θµν are not fixed constants, but central operators
(obeying additional conditions) which on each irreducible representation become fixed
constants σµν , the joint spectrum of θµν . This allows to recover Lorentz covariance for
the commutation relations. However, it seems that when developing the interacting
theory the wished Lorentz covariance is sooner or later lost. In more recent versions
θµν is no more central, but commutation relations remain of Lie-algebra type.
According to speculations heard in conference talks by Doplicher, θµν could be
finally related to the vacuum expectation value (v.e.v.) of Rµν , which in turn should
be influenced by the presence of matter quantum fields in spacetime (through quantum
equations of motions).
Finally, we would like to mention the work [27], which although not stricly in the
DFR framework, also is based on a continuos family of fields labelled by the whole
spectrum of noncommutative parameters θµν, but has some overlap also with the fol-
lowing two approaches. A generalization of the procedure [27] has been proposed in
the very recent work [10], see also Buchholz’s contribution to the present volume.
Path-integral quantization approach
This was initiated by Filk in [21] and has been adopted by most theoretical physicists,
including many string-theorists, especially after the work [37]. Useful reviews are in
[18, 41]. The string-theorists’ main motivation is that such models should describe the
low-energy effective limit of string theory in a constant background B-field. Lorentz
covariance [or SO(4) covariance, after Wick-rotation] is lost, but this is expected in
effective string theory because of the special direction selected by the B-field; only co-
variance under a subgroup [2] of SL(2,C
¯
), the corresponding little group, is preserved.
The (Euclidean) classical field action used in the path-integral is deformed replacing
products of fields by ⋆-products, whence modified Feynman rules for perturbative QFT
are derived.
New complications seem to appear, like non-unitarity after naive Wick-rotation
when θ0i 6= 0 [25], violation of causality [36, 9], mixing of UV and IR divergences
[33] and subsequent non-renormalizability, alleged change of statistics, etc. Some of
these problems, like non-unitarity or the very occurrence of divergences [5], may be due
simply to naive (and unjustified) applications of commutative QFT rules (path-integral
methods, Feynman diagrams, analytic continuation, etc) and could disappear adopting
the sounder field-operator approach. As for UV-IR mixing, while planar Feynman
diagrams remain as the undeformed (apart from a phase factor), in particular have the
4By black hole formation.
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same UV divergences, nonplanar Feynman diagrams which were UV divergent become
finite for generic non-zero external momentum, but diverge as the latter go to zero,
even with massive fields: these are the IR divergences. As a dramatic effect, infinitely
many counterterms are necessary, making these theories non-renormalizable.
As a cure to the UV-IR mixing problem Grosse, Wulkenhaar [28] and collaborators
add a x-dependent harmonic potential terms (e.g. ∼ Ω2x2ϕ⋆ϕ for a scalar field) to
the Lagrangian (for a review see Grosse’s contribution to the present volume, and
references therein). Then the theory becomes renormalizable; actually Ω2x2ϕ ⋆ ϕ is
the only other marginal/relevant operator in the renormalization group flow. However
these terms spoil the translation invariance of the theory.
Moreover, up to now no notion of Wick rotation between such QFT on Moyal-
Euclidean space and QFT on Moyal-Minkowski noncommutative space has been found
(there might be none).
Twisted Poincare´ covariant approaches
These recover Poincare´ covariance in a deformed version, following the observation
[12, 44, 31, 34] that (1) are twisted Poincare´ group covariant. Field quantization is
done either in a path-integral (on the Euclidean) or in an operator approach. The
latter is the framework adopted in the present contribution; this is mainly based on
the joint work [24] with J. Wess, who unfortunately has recently passed away.
How to implement twisted Poincare´ covariance in QFT has been subject
of debate and different proposals [14, 42, 6, 7, 8, 11, 47, 30, 1], two main issues being
whether one should: a) take the ⋆-product of fields at different spacetime points;
b) deform the canonical commutation relations (CCR) of creation and annihilation
operators a, a† for free fields.
Our answers to questions a), b) are affirmative and related to each other. The first
arises from a proper analysis of twisted Poincare´ transformations (section 2). In section
3 we adapt Wightman axioms to the noncommutative setting replacing all products
by ⋆-products and analyze the consequences for Wightman and Green’s functions.
Motivated by the construction of normalizable states generated by the application to
the vacuum of smeared fields (here we show why test functions in the Schwarz space
are fine for smearing - a point we only briefly mentioned in [24]), we choose a setting
where ⋆-products involve also the (Fock space) operator part of the fields; for free
fields (section 4) this corresponds to choosing the second of the two options which were
found admissible in [24] (they both lead to a ⋆-commutator of the fields equal to the
undeformed counterpart). In section 4 we also briefly describe how the time-ordered
perturbative computation of Green functions of a scalar ϕ⋆n-interacting theory gives
the same results as the undeformed theory (the Feynman rules being unchanged). In
section 5 we comment on what we can learn from these results, on which aspects still
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need investigation, and draw the conclusions.
2 Twisting Poincare´ group and Minkowski space-
time
As already noted (1) are translation invariant, but not Lorentz-invariant. In [12, 44, 31,
34] it has been recognized that they are however covariant under a deformed version of
the Poincare´ group, namely a triangular noncocommutative Hopf ∗-algebra H obtained
from the Universal Enveloping algebra (UEA) UP of the Poincare´ Lie algebra P by
twisting [19]5. This means that (up to isomorphisms) H and UP (extended over the
formal power series in θµν) have
1. the same ∗-algebra and counit ε (i.e. trivial representation);
2. coproducts ∆, ∆ˆ related by
∆(g) ≡
∑
I g
I
(1) ⊗ g
I
(2) −→ ∆ˆ(g) = F∆(g)F
−1 ≡
∑
I g
I
(1ˆ)
⊗ gI
(2ˆ) (2)
for any g ∈H ≡ UP. Fixed ∆ˆ, the socalled twist F ∈H ⊗ H is not uniquely
determined, but what follows does not depend on its choice. The simplest is
F ≡
∑
I F
(1)
I ⊗F
(2)
I := exp
(
i
2θ
µνPµ ⊗ Pν
)
. (3)
Pµ denote the generators of translations, and in (2), (3), we have used Sweedler
notation; the
∑
I may be a series, e.g.
∑
I F
(1)
I ⊗F
(2)
I is the series arising from
the power expansion of the exponential;
3. antipodes S, Sˆ related by a similarity transformation; this is trivial for the above
F , so Sˆ = S.
For readers not familiar with Hopf algebras, we recall that the coproduct is the abstract
operation by which one constructs the tensor product of any two representations. For
the cocommutative Hopf algebra Ug (g being a generic Lie algebra)
∆(1)=1⊗ 1, g ∈ g → ∆(g) = (g ⊗ 1+ 1⊗ g) ≡ g1 + g2
and ∆ is extended as a ∗-algebra map
∆ : Ug → Ug ⊗ Ug , ∆(ab) = ∆(a)∆(b), ∆(a∗) = [∆(a)]∗⊗∗. (4)
The extension is unambiguous, as ∆([g, g′]) = [∆(g),∆(g′)] if g, g′ ∈ g . Also ∆ˆ fulfills
(4), ∆ˆ(1) = 1 ⊗ 1, as well as compatibility with ǫ and ∗ (as F is unitary). Then ∆ˆ
5In section 4.4.1 of [34] this was formulated in terms of the dual Hopf algebra
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can replace ∆ in constructing the tensor product of two representations of Ug . The
antipode is the abstract operation by which one constructs the contragredient of any
representation; it is uniquely determined by the coproduct, if it exists. In the present
case, it is determined by S(g) = −g if g ∈ g , S(1) = 1, S(ab) = S(b)S(a). Altogether,
the structures (UP, ·, ∗,∆, ǫ, S), (H, ·, ∗, ∆ˆ, ǫ, S) are examples of Hopf ∗-algebras (here
we have explicitly indicated the algebra product by ·, but for brevity everywhere we
shorten a·b = ab).
For UP a straightforward computation gives
∆ˆ(Pµ) = Pµ⊗1+1⊗Pµ = ∆(Pµ), ∆ˆ(Mω) =Mω⊗1+1⊗Mω+P [ω, θ]⊗P 6= ∆(Mω),
where we have set Mω := ω
µνMµν and used a row-by-column matrix product on the
right. The left identity shows that the Hopf P -subalgebra remains undeformed and
equivalent to the abelian translation group R
¯
4. Therefore, denoting by ⊲, ⊲ˆ the actions
of UP,H (on A ⊲ amounts to the action of the corresponding algebra of differential
operators, e.g. Pµ can be identified with i∂µ := i∂/∂x
µ), they coincide on first degree
polynomials a, b in xν , xˆν ,
Pµ ⊲ x
ρ = iδρµ = Pµ⊲ˆxˆ
ρ, Mω ⊲ x
ρ = 2i(xω)ρ, Mω ⊲ˆxˆ
ρ = 2i(xˆω)ρ, (5)
but ⊲, ⊲ˆ differ on higher degree polynomials in x, xˆ, as they are extended by the rules
at the lhs of
g ⊲(ab)=
∑
I (g(1)⊲ a)(g(2)⊲ b) (6)
g⊲ˆ(aˆbˆ)=
∑
I(g
I
(1ˆ)
⊲ˆaˆ)(gI
(2ˆ)
⊲ˆbˆ) ⇔ g ⊲(a⋆b)=
∑
I(g
I
(1ˆ)
⊲ a)⋆(gI
(2ˆ)
⊲ b) (7)
resp. involving the coproducts ∆(g), ∆ˆ(g) (these resp. reduce to the usual or a deformed
Leibniz rule if g = Pµ,Mµν). Moreover, (g⊲a)
∗ = (Sg)∗⊲a∗ as usual. Summarizing, the
H-module unital ∗-algebra Â is obtained by twisting the UP-module unital ∗-algebra
A.
Several spacetime variables. Formulation through ⋆-products.
For n ≥ 1 we denote the n-fold tensor product algebra of A by An and xµ⊗1⊗..., 1⊗xµ⊗
...,... respectively by xµ1 , x
µ
2 , ... In other words, A
n is the algebra of functions of n sets of
Minkowski coordinates xµi , i = 1, 2, ..., n. The proper noncommutative deformation of
An is the noncommutative unital ∗-algebra Â
n
generated by real variables xˆµi fulfilling
the commutation relations at the lhs of
[xˆµi , xˆ
ν
j ] = 1iθ
µν ⇔ [xµi
⋆, xνj ] = 1iθ
µν . (8)
6
Note that the commutators are not zero for i 6= j; some authors erroneously impose (8)
only for i = j. Relations (8) are compatible with the Leibinz rule (7)1, so as to make
Â
n
a H-module ∗-algebra, and are dictated by the braiding (see e.g. [32]) associated
to the quasitriangular structure R = F21F
−1 of H; here F21 =
∑
I F
(2)
I ⊗F
(1)
I .
As H is even triangular (i.e. RR 21 = 1
⊗2), an essentially equivalent formulation
of these H-module algebras is in terms of ⋆-products derived from F . Denote by Anθ
the algebra obtained by endowing the vector space underlying An with a new product,
the ⋆-product, related to the product in An by
a ⋆ b :=
∑
I(F
(1)
I ⊲ a)(F
(2)
I ⊲ b), (9)
with F ≡ F−1. This encodes both the usual ⋆-product within each copy of A, and the
“⋆−tensor product” between different copies [3, 4]. As a result one finds the isomorphic
⋆-commutation relations at the rhs of (8) [this follows from computing xµi ⋆x
ν
j , which
e.g. for the specific choice (3) gives xµi x
ν
j + iθ
µν/2] and that Â
n
,Anθ are isomorphic
H-module unital ∗-algebras, in the sense of the equivalences (7), (8).
The ⋆-product (9) can be extended from polynomials a, b to power series. More
explicitly, on analytic functions a(xi), b(xj) (9) reads
a(xi) ⋆ b(xj) = exp[
i
2
∂xiθ∂xj ]a(xi)b(xj) (10)
(for any 4-vectors p, q we define pθq := pµθ
µνqν), what must be followed by the inden-
tification xi=xj after the action of the bi-pseudodifferential operator exp[
i
2∂xiθ∂xj ] if
i= j. Strictly speaking, the last formula makes sense if a, b belong to some suitable
subalgebra [20] An′ of the algebra of analytic functions such that the θ-power series
is not only termwise well-defined but also convergent. Clearly An′ will not be large
enough for quantum-field-theoretic purposes. On the other hand, if a(xi), b(xj) ∈ A
n′
admit Fourier transforms aˆ(ki), bˆ(kj) then
a(xi)⋆b(xj) =
∫
d4k
∫
d4q aˆ(k)bˆ(q) exp[i(k · xi + q · xj − kθq/2)]. (11)
This can be used as a definition of a ⋆-product for a(x), b(x) ∈ L1(R
¯
4) ∩ ̂L1(R
¯
4), for
a(x)∈S(R
¯
4) (Schwarz space) and b(x) ∈ S ′(R
¯
4) (the space of tempered distributions),
or conversely, as well as for a(x), b(x) ∈ S ′(R
¯
4) provided i 6=j. These are in fact enough
to reproduce all the product operations used in ordinary QFT, with results reducing
to the commutative ones for θµν=0.
Actually, for i= j and some a(x), b(x) ∈ S ′(R
¯
4) it may even happen that (11) is
ill-defined for θµν=0, but well-defined [26] (and thus “regularized”) for θµν 6=06.
6For instance, for a(x) = δ4(x) = b(x) and invertible θ one easily finds a(xi) ⋆ b(xj) =
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S(R
¯
4) is a ∗-module of the ∗-algebra underlying both UP,H. As usual, the ir-
reducible submodules are the eigenspaces of the Casimir p ·p; one can endow those
characterized by a positive eigenvalue m2 and a positive spectrum for P 0 by the usual
pre-Hilbert space structure. By completion, one obtains unitary irreducible represen-
tations (irreps) of the ∗-algebra underlying both UP,H, that describe scalar particles.
(Generalized) eigenfunctions of Pµ or Mµν exist instead within S
′(R
¯
4), which is a
larger ∗-module of the ∗-algebra underlying both UP,H. Unitary irreps describing
higher spin particles can be obtained in the standard way as some C
¯
k⊗C
¯
S(R
¯
4) or
projective modules thereof (spinor bundles, 4-vector bundles, etc). Summarizing, one
obtains the same [12] classification (a` la Wigner) of elementary particles as unitary
irreps of either UP or H.
The generalization of the definition (11) to functions/distributions depending non-
trivially on several (possibly all the) xi is straightforward. In particular the ⋆-product
a ⋆ b is well-defined for any a∈ S(R
¯
4n) and b ∈ S ′(R
¯
4n) (or viceversa). Also S(R
¯
4n),
S ′(R
¯
4n) are ∗-modules of the ∗-algebra underlying both UP,H. In fact, we shall need
to embed them in an even larger module ∗-algebra Φe of operator-valued (instead of
c-number valued) distributions. The action ⊲ fulfills the ordinary (resp. deformed)
Leibniz rule (6) [resp. (7)2] if a, b are multiplied (resp. ⋆-multiplied). This implies that
the action of UP,H on tensor products of modules is constructed using the ordinary
(resp. deformed) coproduct.
In the sequel we shall formulate the noncommutative spacetime only in terms of
⋆-products and construct QFT on it replacing all products by ⋆-products.
The differential calculus is not deformed, as Pµ ⊲ ∂xνi = 0 implies ∂xνi ⋆ = ∂xνi =
⋆∂xνi :
∂xµi ⋆ x
ν
j = δ
ν
µδ
i
j + x
ν
j ⋆ ∂xµi
[
∂xµi
⋆, ∂xνj
]
= 0
(∂ˆxµi on Â
n
is isomorphic). In the sequel we shall drop the symbol ⋆ beside a derivative,
as it has no effect. Also integration over the space is not deformed:∫
d4x a(x) ⋆ b(x) =
∫
d4x a(x)b(x) (12)
[this holds in particular for all a(x)∈S(R
¯
4) and b(x) ∈ S ′(R
¯
4)]. Stoke’s theorem still
applies. Using (11) it is easy to check the property∫
dx4i b ⋆ a(xi) = b ⋆
∫
dx4i a(xi), if b is independent of xi, (13)
(π4 det θ)−1 exp[2ixjθ
−1xi]; in particular for i= j the exponential becomes 1 by the antisymmetry of θ
−1,
and one finds a diverging constant as det θ → 0, cf. [26, 20]. In [26] the largest algebra of distributions for
which the ⋆-product is well-defined and associative is determined. In [20] the subalgebra of analytic functions
for which (10) gives an asymptotic expansion of (11) is determined.
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analogous to the commutative conterpart [of course, if a(xi) is a c-number valued
function/distribution depending only on xi, the integral at the rhs is a c-number and
the ⋆-product at the rhs can be dropped]. Therefore, for our purposes we can consider
integration over any set of coordinates x as an operation commuting with the ⋆-product.
Let ai∈R
¯
with
∑
i ai = 1. An alternative set of real generators of A
n
θ is:
ξµi :=x
µ
i −x
µ
i+1, i=1, ..., n−1, X
µ :=
∑n
i=1 aix
µ
i . (14)
All ξµi are translation invariant, X
µ is not. It is immediate to check that [Xµ ⋆, Xν ] =
1iθµν , so Xµ generate a copy Aθ,X of Aθ, whereas ∀b∈A
n
θ
ξµi ⋆ b = ξ
µ
i b = b ⋆ ξ
µ
i ⇒ [ξ
µ
i
⋆, b] = 0, (15)
so ξµi generate a ⋆-central subalgebra A
n−1
ξ , and A
n
θ ∼A
n−1
ξ ⊗Aθ,X . The ⋆-multiplication
operators ξµi ⋆ have the same spectral decomposition on all R¯
(including 0) as multipli-
cation operators ξµ· by classical coordinates; the joint eigenvalues make up a space-like,
or a null, or a time-like 4-vector, in the usual sense. Moreover, An−1ξ ,Aθ,X are actually
H-module subalgebras, with
g ⊲ (a ⋆ b)=
∑
I
(
gI(1) ⊲ a
)
⋆
(
gI(2) ⊲ b
)
, a∈An−1ξ , b∈A
n
θ , g∈H, (16)
i.e. on An−1ξ the H-action is undeformed, including the related part of the Leibniz rule.
[By (15) here ⋆ can be also dropped].
Inverting (14), any set xi can be expressed as a combination of the n−1 sets of
⋆-commutative variables ξi and the set X of ⋆-noncommutative ones, e.g. if X := xn
then
xi =
n−1∑
j=i
ξj +X.
X therefore behaves as parametrizing a “global noncommutative translation”.
3 RevisitingWightman axioms for QFT and their
consequences
As in Ref. [40] we divide the Wightman axioms [39] into a subset (labelled by QM) en-
coding the quantum mechanical interpretation of the theory, its symmetry under space-
time translations and stability, and a subset (labelled by R) encoding the relativistic
properties. Since they provide minimal, basic requirements for the field-operator frame-
work to quantization we try to apply them to the above noncommutative space (i.e.
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replacing everywhere products by ⋆-products) keeping the QM conditions, twisting
Poincare´-covariance R1 and being ready to weaken locality R2 if necessary.
QM1. The states are described by vectors of a (separable) Hilbert space H.
QM2. The group of space-time translations R
¯
4 is represented on H by strongly
continuous unitary operators U(a): the fields transform according to (26) with unit
A,U(A),Λ(A). The spectrum of the generators Pµ is contained in V + = {pµ : p
2 ≥
0, p0 ≥ 0}. There is a unique Poincare´ invariant state Ψ0, the vacuum state.
QM3. The fields (in the Heisenberg representation) ϕα(x) [α enumerates field species
and/or SL(2,C
¯
)-tensor components] are operator (onH) valued tempered distributions
on Minkowski space, with Ψ0 a cyclic vector for the fields, i.e. ⋆-polynomials of the
smeared fields applied to Ψ0 give a set D0 dense in H.
For a single scalar field D0 is spanned by vectors of the form of a finite sum
Ψf = f0Ψ0 + ϕ(f1)Ψ0 + ϕ
(
f
(1)
2
)
⋆ ϕ
(
f
(2)
2
)
Ψ0 + ..., (17)
where f
(h)
j ∈S(R¯
4), h ≤ j ≤ N <∞ and
ϕ(f) :=
∫
d4x f(x) ⋆ ϕ(x)
(12)
=
∫
d4x f(x)ϕ(x).
The (non-smeared) polynomials in the fields on commutative space make up a subal-
gebra Φ of what we may call the (extended) field algebra Φe = (
⊗∞
i=1S
′)⊗Ø, where the
first, second,... tensor factor S ′ is understood as the space of distributions depending
on x1,x2, ... [the dependence on xh of the polynomial appearing in (17) being trivial for
h>N ], and Ø is the ∗-algebra of linear operators on H (e.g. for free bosonic/fermionic
fields Ø is a Heisenberg/Clifford algebra with infinitely many modes). Φe also is a
UP-module ∗-algebra. We should therefore H-covariantly ⋆-deform the whole Φe into
the corresponding Φeθ (see also [23]). In analogy with the commutative case, we shall
require that within Φeθ fields ⋆-commute with c-number valued functions/distributions
f
[ϕα(x) ⋆, f(y) ] ≡ ϕα(x) ⋆ f(y)− f(y) ⋆ ϕα(x) = 0. (18)
For free (scalar) fields this was proposed in [24] as the second of two admissible options
(we shall explicitly recall how this works in section 3); this relation, together with (13),
implies
Ψf =f0Ψ0+
∫
d4x1f1(x1)⋆ϕ(x1)Ψ0 +
∫
d4x1
∫
d4x2f2(x1, x2)⋆ϕ(x1)⋆ϕ(x2)Ψ0 +...,
fj(x1, ..., xj) := f
(1)
j (x1) ⋆ ... ⋆ f
(j)
j (xj),
(19)
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so Ψf is characterized by the terminating sequence f = (f0, f1, ...fN ). It is immediate
to check that the Fourier transform of fj differs from the commutative one only by a
phase factor,
f˜j(p1, ..., pj) = f˜
(1)
j (p1)...f˜
(j)
j (pj) exp
[
i
2
j∑
h=1
j∑
k=h+1
phθpk
]
,
and therefore fj∈S(R
¯
4j). As on commutative space, D0 is also dense in the set D1 of
all vectors of the form (19) with fj∈S(R
¯
4j).
Taking v.e.v.’s we define the Wightman functions
Wα1,...,αn(x1, ..., xn) := (Ψ0, ϕ
α1(x1) ⋆ ... ⋆ ϕ
αn(xn)Ψ0) , (20)
which are in fact distributions, and (their combinations) the Green’s functions
Gα1,...,αn(x1, ..., xn) :=(Ψ0, T [ϕ
α1(x1)⋆ ... ⋆ϕ
αn(xn)]Ψ0) (21)
where also time-ordering T is defined as on commutative space (even if θ0i 6= 0), e.g.
T [ϕα1(x)⋆ϕα2(y)]=ϕα1(x)⋆ ϕα2(y) ⋆ ϑ(x0−y0)+ϕα2(y)⋆ ϕα1(x) ⋆ ϑ(y0−x0)
for n = 2 (ϑ denotes the Heavyside function). This is well-defined as ϑ(x0−y0) is
⋆-central: the ⋆-products preceding all ϑ could be dropped, by (15).
Arguing as for ordinary QFT (see [39]) one finds that QM1-3 (alone) imply exactly
the same properties as on commutative space:
W1. Wightman and Green’s functions are translation-invariant tempered distributions
and therefore may depend only on the ξµi :
Wα1,...,αn(x1, ..., xn) = W
α1,...,αn(ξ1, ..., ξn−1),
Gα1,...,αn(x1, ..., xn) = G
α1,...,αn(ξ1, ..., ξn−1).
(22)
W2. (Spectral condition) The support of the Fourier transform W˜ ofW is contained
in the product of forward cones, i.e.
W˜ {α}(q1, ...qn−1) = 0, if ∃j : qj /∈ V +. (23)
From (19), (20) it follows that the scalar product of vectors Ψgj = ϕ
(
g
(1)
j
)
⋆ ... ⋆
ϕ
(
g
(j)
j
)
Ψ0, Ψfk = ϕ
(
f
(1)
k
)
⋆ ... ⋆ ϕ
(
f
(k)
k
)
Ψ0 is given by
(Ψgj ,Ψfk) =
∫
d4jx
∫
d4ky g∗j (xj , ..., x1) ⋆ fk(x1, ..., xk) ⋆W(x1, ..., xj , y1, ..., yk)
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with fk, gj defined as in (19). Using (22) it is straightforward to prove
7 that in fact
the previous formula holds also without ⋆ (as on commutative space):
(Ψgj ,Ψfk) =
∫
d4jx
∫
d4ky g∗j (xj , ..., x1)fk(x1, ..., xk)W(x1, ..., xj , y1, ..., yk) (24)
Using (24) (and the analogous formulae for non-scalar fields) we find
W3. W{α} fulfill the same Hermiticity and Positivity properties following from
those of the scalar product in H as in the theory on commutative space.
For instance, for theWightman functions of a single scalar field they reads as follows:
[W(x1, ..., xn)]
∗ = W(xn, ..., x1), and for all terminating sequences f = (f0, f1, ...fN )
with fj∈S(R
¯
4j)
(Ψf ,Ψf ) ≡
∞∑
j,k=1
∫
d4jx
∫
d4ky f∗j (xj , ...x1)fk(y1, ...yk)W(x1, ...xj , y1, ...yk) ≥ 0. (25)
The ordinary relativistic conditions on QFT are:
R1. (Lorentz Covariance) SL(2,C
¯
) is represented on H by strongly continuous
unitary operators U(A), and under the Poincare´ transformations U(a, A) = U(a)U(A)
U(a,A)ϕα(x)U(a,A)−1= Sαβ (A
−1)ϕβ(Λ(A)x+a), (26)
with S a finite-dimensional representation of SL(2,C
¯
).
R2. (Microcausality or locality) The fields either commute or anticommute at
spacelike separated points
[ϕα(x), ϕβ(y) ]∓ = 0, for (x− y)
2 < 0. (27)
In ordinary QFT as a consequence of QM2,R1 one finds
W4. (Lorentz Covariance of Wightman functions)
Wα1...αn(Λ(A)x1, ...,Λ(A)xn)=S
α1
β1
(A)...Sαnβn (A)W
β1...βn(x1, ..., xn). (28)
In particular, Wightman (and Green) functions of scalar fields are Lorentz invariant.
R1 needs a “twisted” reformulation R1⋆, which we defer. Now, however R1⋆ will
look like, it should imply that W {α} are SLθ(2,C
¯
) tensors (in particular invariant if
7The ⋆ between W and the rest is ineffective by (15)1, (20)1. Also the ⋆ between g
∗
j and fk is ineffective:
going to the Fourier transforms, the corresponding phase factor reduces to 1 when exploiting the presence
of the Dirac’s δ in the equality W˜(p1, ..., pn) = (2π)
4δ4(
∑
i pi)W˜ (p1, p1+p2, ..., p1+...+pn).
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all involved fields are scalar). But, as the W {α} are to be built only in terms of ξµi and
other SL(2,C
¯
) tensors (like ∂xµi , ηµν , γ
µ, etc.), which are all annihilated by Pµ⊲, F will
act as the identity and W {α} will transform under SL(2,C
¯
) as for θ = 0. Therefore
we shall require W4 also if θ 6= 0 as a temporary substitute of R1⋆.
The simplest sensible way to formulate the ⋆-analog of locality is
R2⋆. (Microcausality or locality) The fields either ⋆-commute or ⋆-anticommute
at spacelike separated points
[ϕα(x) ⋆, ϕβ(y) ]∓ = 0, for (x− y)
2 < 0. (29)
This makes sense, as space-like separation is sharply defined, and reduces to the usual
locality when θ = 0. Therefore we shall adopt it. Whether there exist reasonable weak-
enings of R2⋆ is an open question also on commutative space, and the same restrictions
will apply.
Arguing as in [39] one proves that QM1-3, W4, R2⋆ are independent and compatible,
as they are fulfilled by free fields (see below): the noncommutativity of a Moyal-
Minkowski space is compatible with R2⋆! As consequences of R2⋆ one again finds
W5. (Locality) if (xj − xj+1)
2 < 0
W(x1, ...xj , xj+1, ...xn) = ±W(x1, ...xj+1, xj , ...xn). (30)
W6. (Cluster property) For any spacelike a and for λ→∞
W(x1, ...xj , xj+1 + λa, ..., xn + λa)→W(x1, ..., xj)W(xj+1, ..., xn), (31)
(convergence in the distribution sense); this is true also with permuted xi’s.
Summarizing: our QFT framework is based onQM1-3, W4, R2⋆ and the technical
requirement (18), or alternatively on the constraintsW1-6 forW{α}, exactly as in QFT
on Minkowski space. We stress that this applies for all θµν , even if θ0i 6=0, contrary to
other approaches. Moreover, we have just seen that (contrary to [13]) we can keep the
Schwarz space S(R
¯
4) as the space of test functions for smearing the fields. We shall
keep it as this guarantees not only the separability of H but also that a finite number
of subtractions is enough to define field products at the same point, i.e. essentially
the possibility to renormalize the theory. However we should note that, for given
f
(h)
j ∈ S(R¯
4), the states (17) do not coincide with their undeformed counterparts.
We do not know whether this might have consequences on observables (as S-matrix
elements).
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4 Free or interacting scalar field
As the differential calculus remains undeformed, so remain the equation of motions of
free fields. Sticking for simplicity to the case of a scalar field of mass m, the solution
of the Klein-Gordon equation reads
ϕ0(x) =
∫
dµ(p) [e−ip·x ⋆ ap + a†p ⋆ eip·x ] (32)
where dµ(p) = δ(p2−m2)ϑ(p0)d4p = dp0δ(p0−ωp)d
3p/2ωp is the invariant measure
(ωp :=
√
p2 +m2). Postulating the axioms of the preceding section, except R2⋆, one
can prove that up to a positive factor (which can be always reabsorbed in a field
redefinition)
W (x−y) =
∫
dµ(p)e−ip·(x−y)
G(x−y) = −i
∫
d4p
2π
e−ip·(x−y)
p2−m2+iǫ ,
(33)
and therefore coincides with the undeformed counterpart. Adding also R2⋆ one can
prove the free field commutation relation
[ϕ0(x) ⋆, ϕ0(y)] = 2
∫
dµ(p) sin [p·(x−y)] =: iF (x−y), (34)
coinciding with the undeformed one. Applying ∂y0 to (34) and setting y
0 = x0
[this is compatible with (8)] one finds the canonical commutation relation
[ϕ0(x
0,x) ⋆, ϕ˙0(x
0,y)] = i δ3(x− y). (35)
As a consequence of (34), the n-point Wightman functions not only fulfill W1-W6,
but coincide with the undeformed ones, i.e. vanish if n is odd and are sum of
products of 2-point functions (factorization) if n is even.
A ϕ0 fulfilling (34) can be obtained assuming Pµ ⊲ a
†
p = pµa
†
p, Pµ ⊲ a
p = −pµa
p, so
as to extend the ⋆-product law also to ap, a†p, and plugging in (32) ap, a
†
p satisfying
a†p⋆a
†
q = e−ipθq a
†
q⋆a
†
p, ap⋆aq = e−ipθq aq⋆ap,
ap⋆a†q = eipθq a
†
q⋆ap + 2ωpδ
3(p−q),
ap⋆eiq·x = e−ipθq eiq·x⋆ap, a†p⋆eiq·x = eipθq eiq·x⋆a
†
p.
(36)
Note the nontrivial commutation relations between the ap, a†p and c-number valued
functions, but [ϕ0(x) ⋆, f(y)] = 0 as in (18). The first three relations define an example
of a general deformed Heisenberg algebra [22]
aq ⋆ ap = Rqprs as ⋆ ar, a
†
p ⋆ a
†
q = Rsrpq a
†
r ⋆ a
†
s,
ap ⋆ a†q = δ
p
q +R
rp
qs a
†
r ⋆ as,
(37)
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covariant under a triangular Hopf algebra H. Here R := F21F
−1 is the triangular
structure of H, {|p〉} is the generalized basis of the 1-particle Hilbert space consisting
of (on-shell) eigenvectors of Pµ, δ
p
q =2ωpδ
3(p−q) is Dirac’s delta (up to normalization),
Rpqrs := 〈p| ⊗ 〈q|R |r〉 ⊗ |s〉 = eipθqδ
p
r δ
q
s .
Up to normalization of R, and with p, q, r, s ∈ {1, ..., N}, relations (25) are also
identical to the ones defining the older q-deformed Heisenberg algebras of [35, 46], based
on a quasitriangular R in (only) the N -dimensional representation of H = Uqsu(N).
Remark. In [24] we actually found also a different (and maybe more intuitive) way
to construct a free field fulfilling (34). It amounts to: 1. introducing ap, a†p satisfying
a†pa
†
q = e
ipθ′q a†qa
†
p, a
paq=eipθ
′q aqap, apa†q=e
−ipθ′q a†qa
p+2ωpδ
3(p−q),
(with θ′= θ), and [ap, f(x)] = [a†p, f(x)] = 0, (38)
(so c-number valued functions/distributions keep commuting with ap, a†p), as adopted
e.g. in [7, 30, 1]; 2. restricting ⋆-multiplication only to the functions/distributions
part (i.e. elements of the extended Anθ ) of the fields . Consequently, instead of (32)
the field decomposition reads ϕ0(x)=
∫
dµ(p) [e−ip·xap+a†peip·x] with such ap, a
†
p. This
leads to the same properties W1-W6. However, as ϕ(f) does no more depend on
spacetime coordinates x, the ⋆ in (17) and (19) becomes redundant, and we obtain
Ψf = f0Ψ0 +
∫
d4x1f1(x1)ϕ(x1)Ψ0 +
∫
d4x1
∫
d4x2f2(x1, x2)ϕ0(x1)ϕ0(x2)Ψ0 + ..., with
fj(x1, ..., xj) = f
(1)
j (x1)...f
(j)
j (xj). As a result, scalar products (Ψgj ,Ψfk) cannot be
expressed in terms of Wightman functions as in (24), but in the form
(Ψgj ,Ψfk) =
∫
d4jx
∫
d4ky g∗j (xj, ..., x1)fk(x1, ..., xk)W
′(x1, ..., xj , y1, ..., yk)
W ′(x1, ..., xj , y1, ..., yk) := (Ψ0, ϕ0(x1)...ϕ0(xj)ϕ0(y1)...ϕ0(yk)Ψ0)
(with no ⋆-products in the definition of W ′, as in [8]]). The distributions W ′ do not
fulfill all the properties W1-W6 (except of course in the undeformed case θ′ = 0). We
also briefly consider some consequences of choosing θ′ 6= θ in (38) (θ′ = 0 gives CCR
among the ap, a†p, assumed in most of the literature, explicitly [17] or implicitly, in
operator [14, 15] or in path-integral approach to quantization) together with ϕ0(x)=∫
dµ(p) [e−ip·xap+a†peip·x] and definition (20)1 for the Wightman functions. One finds
the non-local ⋆-commutation relation
ϕ0(x) ⋆ ϕ0(y) = e
i∂x(θ−θ′)∂yϕ0(x) ⋆ ϕ0(y) + i F (x− y),
and the corresponding (free field) Wightman functions violate W4, W6, unless θ′ = θ.
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Going back to our framework, we now define normal ordering as a Anθ -bilinear
map of field algebra into itself such that (Ψ0, :M : Ψ0) = 0 fo any field polynomial M ,
in particular :1 : = 0. Applying it to (38) we find that it is consistent to define
:ap⋆aq : =ap⋆aq, :a†p⋆a
q : =a†p⋆a
q, :a†p⋆a
†
q : =a
†
p⋆a
†
q, :a
p⋆a†q : =a
†
q⋆a
pe−ipθq
(note the phase). More generally, by definition in any monomial this map reorders all
ap to the right of all a†q introducing a e−iqθp for each flip ap ↔ a
†
q. For θ = 0 the map
reduces to the undeformed normal ordering.
As a result, one finds that the v.e.v. of any normal-ordered ⋆-polynomial of fields
is zero, that normal-ordered ⋆-products of fields can be obtained from ⋆-products by
the undeformed pattern of subtractions, and that the same Wick theorem as in
the undeformed case holds. Applying time-ordered perturbation theory to an
interacting field again one can heuristically derive [24], through the same arguments
used on commutative space, the Gell-Mann–Low formula
G(x1, ..., xn) =
(
Ψ0, T
{
ϕ0(x1) ⋆ ... ⋆ ϕ0(xn) ⋆ exp
[
−iλ
∫
dy0 HI(y
0)
]}
Ψ0
)(
Ψ0, T exp
[
−i
∫
dy0 HI(y0)
]
Ψ0
) (39)
(which is rigorously valid under the assumption of asymptotic completeness, H =
Hin = Hout). Here ϕ0,HI(x
0) denote the free “in” field (i.e. the incoming field) and
the interaction Hamiltonian in the interaction representation, e.g.
HI(x
0) = λ
∫
d3x : ϕ⋆m0 (x) : ⋆, ϕ
⋆m
0 (x) ≡ ϕ0(x) ⋆ ... ⋆ ϕ0(x)︸ ︷︷ ︸
m times
. (40)
Thus [24] one finds that theGreen functions (39) coincide with the undeformed
ones (at least perturbatively). They can be computed by Feynman diagrams with the
undeformed Feynman rules, and the theory can be regularized and renormalized in the
standard ways.
5 Conclusions. What do we learn?
Although various approaches to relativistic QFT on Moyal-Minkowski space have been
proposed, there is still no generally accepted one. Operator-based approaches look
safer starting points, but twisting or not the Poincare´ group, and doing it properly,
makes the results radically different.
We have claimed here that a sensible theory with twisted Poincare´ seems possible
and avoids all complications (IV-UR, causality/unitarity violation, statistics violation,
cluster property violation, loss of spacetime symmetry,...). It naturally involves a
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compensation of operator (a, a†) and spacetime noncommutativities, so that the free
field ⋆-commutators coincide with the undeformed ones.
The surprising and probably disappointing fact is that also the corresponding n-
point functions, expressed as functions of the coordinates’ differences, coincide with
the undeformed ones. The natural consequence seems that no new physics, nor a more
satisfactory formulation of the old one (e.g. by an inthrinsic UV regularization) is
obtained (at least for scalar fields), although this can be confirmed only upon clari-
fying the relation between n-point functions and observables, in particular S-matrix
elements.
Nevertheless we think that we can learn quite much from trying to understand the
reasons of these surprising results, which are in striking contrast with the ones found
in most of the literature, as well as from using our approach as a laboratory for:
1. searching and testing equivalent formulations of QFT on NC spaces: Wick rota-
tion into EQFT, path integral quantization, etc.;
2. clarifying notions such as asymptotic states, spin-statistics, CPT, etc., on non-
commutative spaces;
3. properly formulating covariance properties of fields under twisted symmetries
(R1⋆), and clarify their connection to the ordinary ones;
4. properly formulating gauge field theory on noncommutative spaces.
Acknowledgments
I would like to thank Prof.’s W. Zimmermann, E. Seiler and K. Sibold for the very
kind invitation to the “Zimmermannfest 08” conference, and for the warm atmosphere
experienced there.
References
[1] Y. Abe, “Noncommutative Quantization for Noncommutative Field Theory”, Int.
J. Mod. Phys. A22 (2007), 1181-1200.
[2] L. Alvarez-Gaume, M.A. Vazquez-Mozo, “General Properties of Noncommutative
Field Theories”, Nucl. Phys. B668 (2003), 293-321.
[3] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp, J. Wess, “Non-
commutative Geometry and Gravity”, Class. Quant. Grav. 22 (2005), 3511-3532.
[4] P. Aschieri, M. Dimitrijevic, F. Meyer, J. Wess, “Noncommutative Geometry and
Gravity”, Class. Quant. Grav. 23 (2006), 1883-1912.
17
[5] D. Bahns, S. Doplicher, K. Fredenhagen, G. Piacitelli, “On the unitarity prob-
lem in space/time noncommutative theories”, Phys. Lett. B533 (2002), 178-181;
“Ultraviolet Finite Quantum Field Theory on Quantum Spacetime”, Commun.
Math. Phys. 237 (2003), 221-241; “Field Theory on Noncommutative Spacetimes:
Quasiplanar Wick Products”, Phys. Rev. D71 (2005), 025022.
[6] A. P. Balachandran, G. Mangano, A. Pinzul, S. Vaidya, “Spin and Statistics on
the Groenewold-Moyal Plane: Pauli-Forbidden Levels and Transitions”, Int. J.
Mod. Phys. A21 (2006), 3111-3126.
[7] A. P. Balachandran, A. Pinzul, B. A. Qureshi, “UV-IR Mixing in Non-
Commutative Plane”, Phys. Lett. B634 (2006), 434-436.
[8] A. P. Balachandran, T. R. Govindarajan, G. Mangano, A. Pinzul, B. A. Qureshi,
S. Vaidya, “Statistics and UV-IR Mixing with Twisted Poincare´ Invariance”, Phys.
Rev. D75 (2007), 045009.
[9] H. Bozkaya, P. Fischer, H. Grosse, M. Pitschmann, V. Putz, M. Schweda, R.
Wulkenhaar, “Space/time noncommutative field theories and causality”, Eur.
Phys. J. C29 (2003), 133-141.
[10] D. Buchholz, S. J. Summers, “Warped Convolutions: A Novel Tool in the Con-
struction of Quantum Field Theories”, arXiv:0806.0349.
[11] J.-G. Bu, H.-C. Kim, Y. Lee, C. H. Vac, J. H. Yee, “Noncommutative Field Theory
from twisted Fock space” Phys. Rev. D73 (2006), 125001.
[12] M. Chaichian, P. Kulish, K. Nishijima, A. Tureanu, “On a Lorentz-Invariant In-
terpretation of Noncommutative Space-Time and Its Implications on Noncommu-
tative QFT”, Phys. Lett. B604 (2004), 98-102.
[13] M. Chaichian, M. Mnatsakanova, A. Tureanu, Yu. Vernov, “Test Functions Space
in Noncommutative Quantum Field Theory” arXiv:0706.1712.
[14] M. Chaichian, P. Presnajder, A. Tureanu, “New concept of relativistic invariance
in NC space-time: twisted Poincare´ symmetry and its implications”, Phys. Rev.
Lett. 94 (2005), 151602.
[15] M. Chaichian, M. Mnatsakanova, K. Nishijima, A. Tureanu, Yu. Vernov, “To-
wards an Axiomatic Formulation of Noncommutative Quantum Field Theory”,
hep-th/0402212.
[16] S. Doplicher, “Quantum Field Theory on Quantum Spacetime”, hep-th/0608124.
[17] S. Doplicher, K. Fredenhagen, J. E. Roberts, “The quantum structure of spacetime
at the Planck scale and quantum fields”, Commun. Math. Phys. 172 (1995), 187-
220; “Spacetime Quantization Induced by Classical Gravity”, Phys. Lett. B 331
(1994), 39-44.
18
[18] M. R. Douglas, N. Nekrasov, “Noncommutative Field Theory”, Rev. Mod. Phys.
73 (2001), 977-1029.
[19] V. G. Drinfeld, “On constant quasiclassical solutions of the Yang-Baxter quantum
equation”, Sov. Math. Dokl. 28 (1983), 667.
[20] R. Estrada, J. M. Gracia-Bond´ıa, J. C. Va´rilly, “On asymptotic expansions of
twisted products”, J. Math. Phys. 30 (1989), 2789-2796.
[21] T. Filk, “Divergencies in a field theory on quantum space”, Phys. Lett. B376
(1996), 53-58.
[22] G. Fiore, “Deforming Maps for Lie Group Covariant Creation & Annihilation
Operators”, J. Math. Phys. 39 (1998), 3437-3452.
[23] G. Fiore, “On second quantization on noncommutative spaces with twisted sym-
metries”, in preparation.
[24] G. Fiore, J. Wess, “Full twisted Poincare’ symmetry and quantum field theory on
Moyal-Weyl spaces”, Phys. Rev. D75 (2007), 105022.
[25] J. Gomis, T. Mehen, “Space-Time Noncommutative Field Theories And Unitar-
ity”, Nucl.Phys. B591 (2000), 265-276.
[26] J. M. Gracia-Bond´ıa, J. C. Va´rilly, “Algebras of distributions suitable for phase-
space quantum mechanics. I”, J. Math. Phys. 29 (1988), 869-879.
[27] H. Grosse, G. Lechner, “Wedge-Local Quantum Fields and Noncommutative
Minkowski Space”, JHEP 0711:012, 2007.
[28] H. Grosse and R. Wulkenhaar, “Renormalisation of phi**4 theory on noncom-
mutative R**2 in the matrix base”, JHEP 12 (2003), 019; “Renormalisation of
phi**4 theory on non-commutative R**4 in the matrix base”, Commun. Math.
Phys. 256 (2005), 305374.
[29] Letter of Heisenberg to Peierls (1930), in: Wolfgang Pauli, Scientific Correspon-
dence, vol. II, 15, Ed. Karl von Meyenn, Springer-Verlag 1985.
[30] F. Lizzi, S. Vaidya, P. Vitale, “Twisted Conformal Symmetry in Noncommutative
Two-Dimensional Quantum Field Theory”, Phys. Rev. D73 (2006), 125020.
[31] F. Koch, E. Tsouchnika, “Construction of θ-Poincare´ Algebras and their Invariants
on Mθ”, Nucl.Phys. B717 (2005), 387-403.
[32] S. Majid, Foundations of Quantum Groups, Cambridge Univ. Press (1995); and
references therein.
[33] S. Minwalla, M. Van Raamsdonk, N. Seiberg, “Noncommutative pertur- bative
dynamics”, JHEP 02 (2000) 020.
19
[34] R. Oeckl, “Untwisting Noncommutative R
¯
d and the Equivalence of Quantum Field
Theory”, Nucl. Phys. B581 (2000), 559-574.
[35] W. Pusz, S. L. Woronowicz, “Twisted Second Quantization”, Reports on Math-
ematical Physics 27 (1989), 231.
[36] N. Seiberg, L. Susskind, N. Toumbas, Space/Time Non-Commutativity and
Causality, JHEP 0006 (2000), 044.
[37] N. Seiberg, E. Witten, “String Theory and Noncommutative Geometry”, JHEP
9909 (1999), 032.
[38] H. S. Snyder, “Quantized spacetime”, Phys.Rev. 71 (1947), 38.
[39] R. F. Streater, A. S. Wightman, PCT, Spin and Statistics and All That, Benjamin
1964.
[40] F. Strocchi, Selected topics on the general properties of quantum field theory, Lec-
ture notes in physics 51, World Scientific, Singapore [etc.], 1993; “Relativistic
Quantum Mechanics and Field Theory” Found. Phys. 34 (2004) 501-527.
[41] R.J. Szabo, “Quantum Field Theory on Noncommutative Spaces”, Phys. Rept.
378 (2003), 207-299.
[42] A. Tureanu, “Twist and Spin-Statistics Relation in Noncommutative Quantum
Field Theory”, Phys. Lett. B638 (2006), 296-301.
[43] M. Van Raamsdonk and N. Seiberg, “Comments on noncommutative pertur- ba-
tive dynamics”, JHEP 03 (2000), 035.
[44] J. Wess, “Deformed Coordinate Spaces; Derivatives”, Lecture given at BW2003
Workshop, hep-th/0408080
[45] J. A. Wheeler, “Geometrodynamics and the Issue of the Final State”. In: Rela-
tivity, Groups and Topology. De Witt, C., De Witt, B., (eds.) Gordon and Breach
1965, 317-520.
[46] J. Wess and B. Zumino, “Covariant Differential Calculus On The Quantum Hy-
perplane”, Nucl. Phys. Proc. Suppl. 18B (1991), 302.
[47] J. Zahn, “Remarks on twisted noncommutative quantum field theory”, Phys. Rev.
D73 (2006), 105005.
20
